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Introduction
Let G be a group and denote by an(G) the number of subgroups of index n in G. We shall only be interested in groups for which an (G) is finite for each n > 1. To each prime p and group G we can then associate the following Poincare series: 00 (G,p(S) = E apn(G)p-ns. n=O In this article we are concerned with the following question:
Question. For which groups G and primes p can (G,p(s) be written as a rational function in p-8? This is equivalent to the coefficients apn(G) satisfing a linear recurrence relation with constant coefficients for sufficiently large n.
These Poincare series were first studied in the case when G is a finitely generated, torsion-free nilpotent group in a paper by Grunewald, Segal and Smith [GSSm] . There the authors established that, for such a group, (G,p(s) is a rational function in p8s. In that setting the functions (G,p(S) are the local factors associated with the Dirichlet series 00 (G(s) = Zan(G)rnr n=1 and (G(s) is equal to the product of these local factors. However this "Euler product" decomposition does not appear to generalize to the case of nonnilpotent groups.
In this article we show how integrals with respect to the Haar measure on a pro-p-group can be used to deduce the rationality of our Poincare series from some very general finiteness conditions on a group G.
This generalizes the philosophy introduced by Igusa ([Ii] , [I2] ). He showed how to express Poincare series associated with p-adic varieties as integrals with respect to the additive Haar measure on Zp. Applying techniques from geometry, in particular Hironaka's resolution of singularities, one can evaluate a limited class of such integrals as rational functions in p-8. More recently Denef and van den Dries ([D1] , [D2] and [DvdD] ) have applied results from logic, profiting from the flexibility of the concept "definable", greatly to enlarge the class of integrals amenable to Igusa's method. In subsection 1.1 we describe the class of integrals considered by Denef and van den Dries.
In subsection 1.2 we consider integrals of the following form, defined with respect to the Haar measure dpt on a pro-p-group G:
Z(h, k, Ml, s) = sh(gj. 9g)-k(g)... r)dp; where M C G x * x G = G(r) and h, k : G(r) , Z. We define a twosort language LG associated with the class of pro-p-groups--the first sort ranges over elements of the group G and the second sort over the p-adic integers allowing us to define the natural action of Zp on a pro-p-group. We also have a twoplace predicate, which defines the lower p-series Pi (G) on G, where Pi (G) = G and Pj+j (G) = Pi (G)P[Pi (G), G]. The key technical result of this article concerns the case where G is a uniform pro-p-group-that is, a finitely generated pro-p-group with the property that (i) G/GP (or G/G4 if p = 2) is abelian, and (ii) IG: P2(G)I = IPj(G) : Pj+i(G)I for each i > 1. THEOREM A. Let G be a uniform pro-p-group and M, h and k be as above. If M is definable in CG and the functions h and k are constructed from definable functions in 1G, then Z(h, k, M, s) is rational in p-8.
A more detailed statement of this result can be found in Theorem 1.17. The key ingredient in the proof of this theorem is one half of Lazard's solution to the p-adic version of Hilbert's fifth problem. He showed how to define a natural manifold structure on a uniform pro-p-group G (or p-saturable group in the terminology of his 1965 paper [L] ) with respect to which the group operations are analytic; i.e., such a group G is a p-adic analytic group. We show here that the natural action of Zp on G is also defined by analytic functions. Using this structure on G, we show how to translate the definable grouptheoretic integrals Z(h, k, M, s) into the integrals of subsection 1.1 considered by Denef and van den Dries.
In Section 2 we use the rationality results of Section 1 to prove the following theorem: THEOREM B. Let G be a compact p-adic analytic group. Then (G,p(s) is a rational function in p-8.
In fact our techniques allow us to deal with the Dirichlet series counting all subgroups associated with a compact p-adic analytic group: THEOREM C. Let G be a compact p-adic analytic group. Then there exist an integer N and rational functions eJn (X) for each divisor n of N such that We prove also that Theorem B is the best possible one in the case of a pro-p-group G-namely that the rationality of (G,p(s) implies that G is a p-adic analytic group.
The proofs of Theorems B and C rely on the second half of Lazard's solution to the p-adic version of Hilbert's fifth problem-that is, every compact p-adic analytic group contains an open uniform subgroup. We begin in subsection 2.1 by showing how to express the Poincare series, counting subgroups in a uniform pro-p-group as one of the definable group-theoretic integrals of subsection 1.2. In subsection 2.2 we then show how to extend these integrals to count subgroups in finite extensions of our uniform pro-p-groups. In subsection 2.3 we prove rationality results for variants of our Poincare series where we count only normal subgroups (subsection 2.3.1), regenerated subgroups (subsection 2.3.2) and finally the number of conjugacy classes of subgroups (subsection 2.3.3).
In Section 3 we apply the results of Section 2 to prove rationality results for the Poincare series associated with finitely generated groups satisfying some very general finiteness conditions. The philosophy behind the proofs in that section is to identify a compact p-adic analytic group, whose subgroups are in one-to-one correspondence with subgroups we wish to count in our finitely generated group.
The pro-p-completion of an abstract group gives us access to counting only subnormal subgroups of p-power index. In particular, using Lubotzky and Mann's criterion in terms of polynomial subgroup growth for a prop-group to be analytic (see [LuM2] ), we prove the next theorem: THEOREM D. Let r be a finitely generated group, p a prime and denote by an(F) the number of subnormal subgroups of index n in r. If apn (r) grows at most polynomially with respect to pn, then 04 (s) = n ap(r)p-ns nEN is rational in p-s.
However, under suitable finiteness conditions on a group F, we can identify a subgroup FO of finite index, all of whose subgroups of p-power index are subnormal. By extending the pro-p-completion of this group FO by a finite group, we can construct a compact p-adic analytic group G having open subgroups corresponding to all subgroups of p-power index in F. This approach allows us to prove the following theorem (the upper p-rank of F is the supremum of the ranks of all p-subgroups of finite quotients of F): THEOREM E. Let p be a prime and let F be a finitely generated group with finite upper p-rank. Then Cr,p(s) is rational in p8s.
An announcement of some of the results contained in this article appeared in [duSi] .
In a sequel [duS2] we apply the philosophy of Section 3 to the problem of counting congruence subgroups in arithmetic groups. As a corollary to that we mention the following result: THEOREM F. Let F be an arithmetic lattice inside G = SLn, where n > 3.
Then Cr,p(s) is rational in p-8 for all primes p.
The proof relies on various ingredients, including Guralnick's classification of subgroups of prime-power index in simple groups (cf. [Gu] ) and the work of Shorey and Tijdeman on exponential diophantine equations (cf. [ShT] ). Note that in Theorem F, ir,p(s) = 1 for almost all primes p.
Notation. The notation in subsection 1.1 is borrowed from the earlier paper by [DvdD] . We have consistently used boldface to denote a tuple (or vector) of elements. H <P G if H is a subgroup of p-power index in G. H <up G if H is a normal subgroup of p-power index in G. G(r) = G x ... x G, the direct product of r copies of a group G. X denotes sets of subgroups. M denotes sets of good bases for subgroups. jK denotes sets of bases for subgroups. Mrxd denotes the ring of matrices. p-v(r) , where v(r) = ordp(r). We denote by v the additive Haar measure on Zp, so normalized that v(Zp) = 1, and also (by abuse of notation) the product measure on free Zp-modules of the form ZM.
With each pair of functions fi: Z' -* Qp, f2 : Z Qp and the subset S C ZM we associate the following function:
( (ii) For n > 0 we define Pn to be the set of nonzero nth powers in Zp.
We define now the language considered in [DvdD] . Definition 1.6. Let LD be the language with logical symbols =, , V, A, a countable number of variables Xi and (i) an m-place operation symbol F for each F(X) e Zp7{X}, m > 0;
(ii) a binary operation symbol D; and (iii) a unary relation symbol Pn for each n > 0.
Note that if m = 0, then F(X) defines constant terms in our language for each element of Zp.
We refer the reader to [DvdD] , ?0, for a self-contained account of the notions from logic that we shall use. In particular we have the concept of a formula in LD and its interpretation in an LD structure. For our purposes we shall only be interested in the structure Zp and then the following shows how to interpret a formula in this structure: Definition 1.7. Each formula 0q(Xi,... ,XM) in the language LD defines a subset M= {x e ZpM I 0(x) is true in Zp}, where we interpret (i) each F e Zp{X} as the function f: ZM -* Zp defined by f (x) = F(x);
(ii) the binary operation symbol D as the function in Definition 1.5, and (iii) Pn(x) to be true if x e Pn, where Rn is the subset in Definition 1.5.
We call such a subset MO definable (in LID). A function f : V -* 7p is called definable if its graph is a definable subset. We shall call I(fi, f2, S, s) a definable integral if fit: Z7M -Qp and f2: Z7M -* p are definable functions and S is a definable subset of ZM THEOREM 1.8. Suppose that I(fi, f2, S, s) is a definable integral. Then (i) S is measurable, and (ii) I(fi, f2, S, s) is a rational function in p-s, which can be written as a polynomial in p-s with rational coefficients, divided by a product of factors of the form (1 -p-a-sb) with a, b E Z. Moreover each pole of I(fi, f2, S, s) has multiplicity at most M, where M is the number of variables in I(fi, f2, S, s).
The reader should consult [DvdD] and [D3] for a proof of this theorem. However let us mention the essential steps in the proof.
(i) Zp admits quantifier elimination in the language LD . This result, due to Denef and van den Dries, extends Macintyre's quantifier elimination for the algebraic theory of Zp (see [M] ). It allows us to decompose the definable integral into a finite sum of integrals over sets defined by formulae without quantifiers.
(ii) We then apply a p-adic analogue of Hironaka's rectilinearization theorem to eliminate occurrences of the function D.
(iii) These much simpler integrals can then be evaluated (a la Igusa) by the use of a version of Hironaka's embedded resolution of singularities. In [vdD] , van den Dries outlines a proof of Theorem 1.8 without using any resolution of singularities.
In the next section we shall define a language for the theory of prop-groups, which we shall interpret in the language LD. To do this we need the following two lemmas: 
Since {a + pNZM 1 a E ZMI is an open cover of the compact space ZM, there exists a finite cover {ai + pNZM} on which f is given by a definable function Gi(D(x -a, pni+l)). Proof. An application of Hensel's lemma implies that for all x, y e Zp v(x) > v(y) if and only if f = oor y ?+pX2 E P2 if p 2, lx=O0or y2?+8X2 EP2 if p=2.
1.2. Definable group-theoretic integrals. In this subsection we define a filtered group-theoretic language 1G and a class of integrals over the Haar measure of a group that can be evaluated as rational functions. Although there is not much content beyond translating these integrals into the integrals considered in the previous section, we do provide a more convenient setting for the proofs to come in the latter half of this article.
Let G be a pro-p-group. Then G admits a natural action of Zp as detailed in the following: Definition 1.11. Let A e Zp and g e G. We define
where (an) is a sequence of rational integers with limn oo an = A. (It is a straightforward exercise to show that this is well defined.)
The following series of (topologically) characteristic subgroups associated with a pro-p-group G will be of importance to us: Definition 1.12. Let G be a pro-p-group. We define the lower p-series in Note that P2(G) is the Frattini subgroup of G. If G is finitely generated (topologically), then the minimum number of topological generators for G, denoted by d(G), is dimFp G/P2 (G). We now associate a twosort language to the pro-p-group G. (A twosort language is a language with two distinct sets of variables called sorts. We must then specify on which sort a function or predicate in the language is defined. An interpretation of such a language entails naming two domains over which the two sorts range.) Definition 1.13. Let 1G be the language having two sorts x and A. We have constant symbols in the sort x, for each element of the pro-p-group, together with a binary relation symbol xly on the sort x x x. We have the following function symbols, which all define elements in the sort x:
(i) a binary function symbol x.y on the sort x x x; (ii) a unary function symbol x-1 on the sort x; (iii) a binary function symbol xA on the sort x x A; (iv) a class of unary function symbols q on x.
We construe a pro-p-group G as an CG structure by allowing the sort x to range over G and the sort A to range over Zp. The interpretation of the function symbols is clear, apart from the class in (iv), which we shall interpret as specific automorphisms of our group G. The symbol xly will be interpreted as the relation w(x) > w(y). A function is called definable if its graph is definable.
Let pu be the normalized Haar measure on G and (by abuse of the notation) the product measure on G x ... x G G(r). Let M be a definable subset of G(r) and hi and k3 be definable functions (i = 1, . . . Im and j = 1,... ,rn). We shall consider the following integrals and bi, ej E Z. We describe a class of pro-p-groups for which this function is a rational function in p-s. Definition 1.15. A pro-p-group G is uniformly powerful, or just uniform, if (i) G is finitely generated; (ii) G is powerful-that is, G/GP (or G/G4 if p= 2) is abelian; and (iii) for all i > 1,
Lazard called such groups p-saturable; for a detailed account, see [DxduSMS] , Ch. 4. These groups were the key to his characterization of compact topological groups with the underlying structure of a p-adic analytic group-the p-adic version of Hilbert's fifth problem (see [L] or [DxduSMS] , Ch. 9). THEOREM 1.16. A compact topological group has the structure of a p-adic analytic group if and-only if it contains an open normal subgroup that is a uniformly powerful pro-p-group.
We use Lazard's work on the analytic structure of uniformly powerful pro-p-groups to prove the following: THEOREM 1.17. Let G be a uniformly powerful pro-p-group and let ,.. ,4t be automorphisms of G. Suppose that M is a definable subset and hi and kj are definable functions (i = 1,... ,m and j = 1,.. .,rn) in ?G, where the function symbols 01,... , Ot are interpreted as the automorphisms 1, * * *, kt. Then Z(h, k, M, s) is a rational function in p-' (where h : M -) Z and k : M -? Z are defined above).
We begin the proof with the following: (ii) The function f : Zd X Zd -* Zd defined by
is an analytic function. Part (i) provides us with a global coordinate system with respect to which, by part (ii), the group operation is analytic. Thus the group has the structure of a p-adic analytic group. The proof of (i) follows by succesively approximating the element x with respect to the filtration {Pi(G) I i > 1}. We shall apply a similar argument when we consider subgroups of G. Part (ii) is proved by using the completion of the group ring Zp[G] with respect to a filtration induced from the lower p-series on G. Part (iii) follows from the fact that the analytic structure on the uniform pro-p-group G defined in (i) is the unique analytic structure that makes G into an analytic group. Part (iv) is a consequence of the fact that, for a uniform pro-p-group G, the pth power map
For proofs of these statements we refer the reader to Lazard's original paper [L] or to Chapters 4 and 8-10 of [DxduSMS] .
This theorem is the key to interpreting filtered group-theoretic statements in the language CD described in subsection 1.1. We shall also need the following lemma: LEMMA 1.19. The function g Zd X Z7 -Zd defined by
is an analytic function on Zd X Z. By Lemma 7.19 of [DxduSMS] there exists k E N such that for each i = 1, ... ,d and (m, n) E N2d aimn = Pk((m)+(n))ajmn E Zp.
We shall prove that the function g: pk+2Zp X pZ, p is analytic. By Lemma 10.2 and the proof of Proposition 10.1 of [DxduSMS] there exist power series
nENd for i = 1, ... , d and j > 1, with the property that cijn = 0 for (n) < j and, for each A E pk+2Zd and w E ZP)
Define vjm E Q by (8) To prove equation (1.1) note that Ivjml < Ij!l < p(j-1)/(P-1) by Lemma 7.21 of [DxduSMS] . So for all j and m
Since ci3n = 0 for j > (n), we have lim(n)O, 1Cijn jmAm(p-kA)nj = 0 uniformly in j and m. It suffices now to prove that, for (n) fixed, lim 1CijnVjm/m(P kx)ni = 0. is analytic. We finish the proof of our lemma by proving that, for each a E Z,
But gpk+2(A) E pk+2Zd. Since compositions of analytic functions are analytic, equation (1.2) implies that g is analytic on Z4d X (a + pk+3zp) for all a E Z, i.e., g is an analytic function on Z7d X Z7. Although we have seen that the rationality follows simply by translating our group-theoretic integrals to the definable integrals of subsection 1.1, it would be interesting to see whether a suitable group-theoretic language can be devised that admits quantifier elimination for our uniform groups. Combined perhaps with some cell-decomposition theorem, we could then evaluate these integrals within the context of the language of group theory, with the hope that some group-theoretic interpretation can be given to the rational functions. Some hope for such a cell decomposition may arise from the connections with 0-minimal sets, p-adic analytic groups and such a cell decomposition. As we shall see later, we are unable at present to get much control of the rational functions.
p-adic analytic groups
We defined in the Introduction the following Poincare series associated with a group G and prime p 00 (G,p(s) = Zapn (G)p-ns n=O where an(G) denotes the number of subgroups of index n in G. We prove in this section that if G is a compact p-adic analytic group, then (G,p(s) is a rational function in p-s. We shall prove this in two stages. In subsection 2.1 we consider the special case in which G is a uniformly powerful pro-p-group. We show how to express (G,p(s) as a definable integral in CG. We can then apply Theorem 1.17 to deduce the rationality of (G,p(s) . In subsection 2.2 we show how to extend the integral considered in subsection 2.1 to count subgroups in a finite extension of a uniformly powerful group and then appeal to Theorem 1.16 to deduce Theorem B. We also point out that Theorem B is the best possible for the class of pro-p-groups. The section ends with some examples calculated by Ilani. In subsection 2.3 we consider variants of our Poincare series in which we restrict our attention to counting subgroups with various particular properties. 2.1. Uniformly powerful pro-p-groups. Throughout the rest of this section we fix G to be a uniformly powerful pro-p-group with d(G) = d. We also fix a topological generating set {X1,... ,xd} for G. We prove the following special case of Theorem B:
THEOREM 2.1. Let G be a uniformly powerful pro-p-group. Then (G,p(s) is a rational function in p-s.
For each n > 1 we shall set Gn = Pn(G), the nth term of the lower p-series of G. Recall that the pth power map x F-* xP induces an isomorphism fi : GjGj+j )-Gi+llGi+2, where if x = x(A) E Gi, then fi(x(A))Gi+1 = x(pA)Gi+2. Let 7r : Zp -* Fp denote the residue map. Define a map for each n > 1 n : Gn _ iFd p by wrn(x(A)) = (r(p-(n-1)Ai),... ,7r(p-(n-)Ad)): Then wrn is a homomorphism with ker rn = Gn+1
The philosophy behind the proof of this theorem is to express (G,p(s) as a definable integral. The key to such an expression is the following definition: Definition 2.2. Let H be an open subgroup in G. We define a d-tuple (hi, . . , hd) of elements of H to be a good basis for H if (i) w(hi) < w(hj) whenever i < j, and (ii) setting In = {j I w(hj) = n}, {7n(h) I j E In} extends the linearly n-w(h ) independent set {1rn(h hj ) I J I U ... U In 1} to a basis for 7rn(H n Gn)
Remarks. (i) Since fi : GiGi+l* Gi+l/Gi+2 is an isomorphism, the set {wrn(h;pw ) | j E IU ... UIn1} is a linearly independent subset of wrn (HnGn) (ii) A good basis for G is precisely a minimal topological generating set for G.
(iii) The set In is independent of the choice of a good basis. We define Ai (j) recursively. Note that, for k > 1, hpe , ...hpd I generates HnGk modulo Gk+1. This provides our base step and the key to our recursion. Suppose that we have defined Ai(j) for 1 < j < k. (ii) Let h = hAl ... hdd and define n = min{w(hi) + v(Ai) I i = 1, ... , d}.
Then h E G,. Suppose that h E Gn+. Then wrn(h) = 0. Since (ii) for each n, {wr(h9) I i E In} is a basis for wn(H n G7,) modulo 7rn(HP n Gn) Now w(h9) > w(hi) if and only if aij E pe(w(hi)j)Zp. Condition (ii) holds if and only if (7r(aij))ijEIn E GLsn(1FP); i.e., (aij)i,j;sn E GLsn(Zp). This also ensures that w(h') = w(hi) and thus proves the lemma.
[ (G,p(s) as a grouptheoretic integral. By Lemma 2.8 this integral is definable in ?G. Thus we are in a position to apply Theorem 1.17 to deduce that (G,p(s) is a rational function in p-'. C1
2.2. Compact p-adic analytic groups. Let G be a compact p-adic analytic group. By Theorem 1.16 there exists a uniformly powerful normal subgroup G1 of finite index in G. Let K be a subgroup of G with the property that G1 < K. Define GKp() E IK: HI-', HERH(K) where 11(K) = {H < K I G1H = K}. In this part we show how to extend the integral constructed in subsection 2.1 to prove the following:
is a rational function in p-'.
Theorem 2.9 suffices to prove Theorems B and C, since With each subgroup H of finite index in G we associate the subset T(H) of Gi7) consisting of transversal bases for H. JK: HI-' = IG1: Hl'8
F(g., gd+n)dp, say.
LEMMA 2.12. AJ(K) is a definable subset of G(d+n)
Proof. The (d + n)-tuple (hi,... , hd, t1, ... ,tn) E AJ(K) if and only if (h1,... ,hd) is a good basis for some subgroup H1 of G1 and the set X = H1t1y1 U ... U H1tnyn is a subgroup of G. The set X is a subgroup provided that (2.6) htiyi(h'tjyj)-1 E X for all h, h' e H1 and i,j= 1, ... ,n. Define aij, bi e G1 along with 7y: {1, ..., n}2 {1,...,n} and 6: {1,...,n}--{1,...,n} by YiYj = aijyy(ij),
Since G1 is normal in G, it is a straightforward exercise to check that (2.6) is equivalent to the following condition htiyi(bjy6(j)(t lh'1-))y67))y71lai6(j) = h"ty (i,6(j) for some h" E H1. So, by Lemma 2.8 and the above, the set .J(K) is definable by a statement in LG, where we include automorphisms in LG for conjugation by each transversal element yi.
Proof of Theorem 2.9. In equation (2.5) we expressed CgK(S) as a grouptheoretic integral. By Lemma 2.12 this integral is definable in LG. Thus we are in a position to apply Theorem 1.17 to deduce that gKP(s) is a rational function in p-s.
For the class of pro-p-groups, Theorem B is the best possible in the following sense: THEOREM 2.13. Let G be a pro-p-group. Suppose that (G,p(s) is a rational function in p-8. Then G is a p-adic analytic group.
Proof. By [LuM2] , Theorem 3.1, or [DxduSMS] , Theorem 3.19, it suffices to prove that apn = apn (G) grows at most polynomially with pn. As we pointed out in the Introduction, (G,p(s) being rational is equivalent to the coefficients apn satisfying a recurrence relation apn + Clapn-1 + ... + Ckapn-k = 0, where n > 1 and C1,... ,ck are independent of n. It follows that Japnl < KC n where K is independent of n and C = icil + ? * + Ickl. Hence Iapn I< K(pn)l0~pc;
i.e., apn grows at most polynomially. a
We conclude this section with some examples calculated by Ilani [II] .
Examples 2.14. Let G = SL2(Zp) and denote by G(i) the ith principal congruence subgroup
We use the shorthand notation introduced in [GSSm] for the following rational functions in p-S:
Xa= pb-as,
2.3. Variations. In this part we study some variants of the Poincare series considered in the previous sections. Although we only consider functions, counting subgroups of p-power index, clearly we can prove similar results to Theorem C for the corresponding global Dirichlet series.
2.3.1. Normal subgroups. Define W = {H <p G I is a normal subgroup in G}.
We consider the following Poincare series associated with this set of subgroups:
HER'O THEOREM 2.15. Let G be a compact p-adic analytic group. Then (GP(S) is a rational function in p-8.
Proof. Let G1 be a uniformly powerful subgroup of G and K be a normal subgroup of G with the property that G1 < K. Fix a good basis (xi,... ,xd) for G1 and a right transversal (Yi,... , Yn) for G1 in G with the property that (Y1,... , Yn) is a right transversal for G1 in K. For each i = 1, ...n, j = 1, ...,dand k = 1, .. .,mwe define aij and bik E G1 such that Note that if G is a compact p-adic analytic group, then G has finite rank. This implies that 1t(r) is empty for sufficiently large r. We define For the rest of this section we fix the following notation: Let G1 be a normal uniform pro-p-group in the p-adic analytic pro-p-group G and let K be a subgroup of G with G1 < K < G. Let {yj, ... , yn} be a transversal for the right cosets of G1 in K such that {Yi, .. ., ys} (s < n) is a transversal for G1 in G1i(K). 
This is a definable formula in LaG .
Proof of Theorem 2.16. Again we only have to prove for each subgroup K > G1 that Proof. To prove this theorem we rewrite our Poincare series using the fact that the number of subgroups in the conjugacy class of H is IG : NG(H)l. |F2 (91i .. * *g d+n)dp) (vi) for j = 1 + 1, ... , m we have, for all x E G1, there exists h E H1 with the property that, for some i = 1, .. ., s, there does not exist h' E H1 such that (y-lx lhtixyj)y7 l(x-1(yixy-1))yjbij = h't p(J); (vii) for j = 1,... , 1, if x E G1 has the property that, for all h E H1 and each i = 1, ... , s, there exists h' E H1 such that (y x htixy3)yj (x-1(yixy71))yjbij = h'tp(ij), then there exist A1, .l. , Ad E Zp such that
Conditions (ii)-(iv) ensure that H is normal in M and conditions (vi) and (vii) ensure that M contains every element that normalizes H. Each of these conditions is definable in ?G; hence, (Cp(s) is a rational function in p-S. O 3. Finitely generated groups Let r be a finitely generated group. Then a,(F) is finite for all n > 1. By forming the pro-p-completion rp of F, we may employ the results of the previous sections to deduce rationality results for various Poincare series associated with F. The lemma below is basic and describes how much the pro-p-completion can tell us about subgroups of finite index in r.
Let C(F) be a set of representatives for the conjugacy classes of subgroups of finite index in F. Define a'(r) = card{H < r I Fr HI = n and H is subnormal}, a'(r) = card{H < r I Fr HI = n and H is normal}, a"(r) = card{H e c(F) I IF H = n and H is subnormal}. Proof. For part (i) let G = Fp. Fix n and let A be the intersection of all subnormal subgroups of index pn in F. Then F/A is a finite p-group, by an elementary argument, so that F/A is isomorphic to a quotient group of G. Hence apn(F) = apn(F/A) < apn(G). On the other hand, if H denotes the intersection of all (necessarily open) subgroups of index pn in G, then G/H is a finite p-group, and so G/H is isomorphic to a quotient of F. As every subgroup of G/H is subnormal, this implies that apn (G) < aspn (G/H) < apsn (F). This proves part (i). Parts (ii) and (iii) follow by the same argument. El THEOREM 3.2. Let F be a finitely generated group and p a prime. Suppose that apn (F) grows at most polynomially with pn. Then (i) (r p(s) = EnN aPn (r)p-nS is rational in p-8; (ii) (7 p(s) = EN apn (r)p-nS is rational in p-8; and (iii) GCs(s) = EnN as (f)p-n8 is rational in p-8.
Proof. By Lemma 3.1, apn(Frp) grows at most polynomially. By [LuM2] , Theorem 3.1, or [DxduSMS] , Theorem 3.19, rp is a p-adic analytic pro-pgroup. The theorem then follows from Lemma 3.1 and Theorems A, 2.15 and 2.21. L Parts (ii) and (iii) of the theorem are slightly unsatisfactory, since we would prefer a condition about the growth of apn (F) and apsn (F). At present it is still an open problem to characterize pro-p-groups for which apn (G) grows polynomially. Such groups include pro-p-groups G of finite width, i.e., those pro-p-groups for which there is a bound on the rank of central sections of G. This is a wider class of groups than p-adic analytic groups. For example, the class of analytic groups over Fp [[t] ] has finite width, as does the so-called Nottingham Group (see [Y] for details), a pro-p-group, which is thought not to be analytic in either sense.
Question. Does finite width characterize the class of pro-p-groups for which apn (G) grows polynomially? Let r be a finitely generated, residually finite p-group. Then apn (F) grows at most polynomially if and only if Fp is a p-adic analytic pro-p-group if and only if there is a bound on the rank of all finite p-quotients of F. This class of groups is a subclass of all linear groups over Zp (see [DxduSMS] , Thm. 6.3). However it is not clear which linear groups are characterized by this condition. For instance, if we consider F = SL2 (Z), then F contains a residually finite p-subgroup FO of finite index for which apn (Fo) grows faster than polynomially. By Theorem 6.39 of [DxduSMS] , the class of groups F for which Fp is a padic analytic pro-p-group includes the arithmetic groups with the congruence subgroup property and strong approximation. In a sequel [duS2] we shall use Guralnick's classification of subgroups of prime-power index in simple groups (cf. [Gu] ) together with Shorey and Tijdeman's work on exponential diophantine equations (cf. [ShT] ) to prove that the Poincare series, counting all subgroups of p-power index in such groups, is rational in p-s. We do this by identifying a compact p-adic analytic group, whose subgroups of p-power index are in one-to-one correspondence with the subgroups of p-power index inside the arithmetic group.
In the next theorem we describe another class of groups for which we can identify such a compact p-adic analytic group. Recall that (i) a chief factor of F is a section M/N, where N is a normal subgroup in F and M/N is a minimal normal subgroup of F/N, and (ii) an upper p-chief factor of r is a chief factor of some finite quotient of r, whose order is divisible by p. Then (r,p(s) is rational in p-s.
Proof. Since the orders of all upper p-chief factors of r are bounded and r is finitely generated, ro is a characteristic subgroup of finite index in r.
Let H be a subgroup of ro of p-power index. Let KA be the largest normal subgroup of r contained in H and let K2 be a normal subgroup such that I2/K1 is a chief factor of r. Then K3 = K2H ; H. Since H has p-power index in ro, the order of K2/1K1 is divisible by p. Thus K2/1? is centralized by Fo. This implies that H < K3, since if k E K2 and h E H, then hk = h[h, k] E HK1 < H.
Thus, by iterating this argument, we can prove that H is subnormal in Fo.
Let G = NliMFNPro /N and Go = liMNIPro roN. By supposition (ii) and Theorem 3.19 of [DxduSMS] , Go is an analytic pro-p-group. As G is a finite extension of Go, it is also a compact p-adic analytic group. The group G has the property that apn(r) = apn(G). So Theorem 3.3 follows from Theorem B. S Definition 3.4. The upper p-rank of r is defined to be the supremum of r(P) as P ranges over all p-subgroups of finite quotients of r. THEOREM 3.5. If r is a finitely generated group with finite upper p-rank, then (r,p(s) is rational in p8s.
Proof. If H is a subgroup of finite index in r, then it also has finite upper p-rank. This implies that apn(ro) grows at most polynomially in pn by the remarks following Theorem 3.2. From Proposition 6.12 of [DxduSMS] there exists a normal subgroup r1 of finite index in F with the property that For the class of finitely generated, residually finite groups r of finite rank note that (rp(s) is rational in pus for all primes p. This class of groups is precisely the class of finitely generated, residually finite groups for which an(F) grows at most polynomially, namely the class of virtually soluble groups of finite rank (see [LuMI] , [LuM2J). However we shall show in [duS2J that there are many groups outside this class for which (r,p(s) is rational in p-s for all primes p.
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